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Abstract. Suppose a finite group F acts on a scheme X and a finite-dimensional Lie 
algebra g. The associated equivariant map algebra is the Lie algebra of equivariant regular 
maps from X to g. Examples include generalized current algebras and (twisted) multiloop 
algebras. 

Local Weyl modules play an important role in the theory of finite-dimensional represen- 
tations of loop algebras and quantum affine algebras. In the current paper, we extend the 
definition of local Weyl modules (previously defined only for generalized current algebras 
and twisted loop algebras) to the setting of equivariant map algebras where g is semisimple, 
X is affine of finite type, and the group F is abelian and acts freely on X. We do so by defin- 
ing twisting and untwisting functors, which are isomorphisms between certain categories of 
representations of equivariant map algebras and their untwisted analogues. We also show 
that other properties of local Weyl modules (e.g. their characterization by homological prop- 
erties and a tensor product property) extend to the more general setting considered in the 
current paper. 
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Introduction 

Partially because of their importance in the theory of quantum affine Lie algebras, loop 
algebras g (8> C[t,t^^], where g is a semisimple Lie algebra, have been the subject of intense 
study over the last two decades. Their representation theory is particularly interesting 
because the category of finite-dimensional representations is not semisimple. In [Cha86, 
CP86], it was shown that the irreducible objects in these categories are highest weight in 
a suitable sense, and a classification was given in terms of these highest weights, which are 
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77,-tuples of polynomials, where n is the rank of q. In [CPOl], it was shown that to each 
such n-tuple of polynomials tt, there exists a unique largest highest weight module W{'k) 
of highest weight tt. The modules W^(vr), called (local) Weyl modules by analogy with the 
modular representation theory of (the positive characteristic version of) q, have the property 
that any finite-dimensional highest weight module of highest weight vr is a quotient of Win). 

Weyl modules for loop algebras also play an important role in the representation theory 
of quantum affine algebras. In particular, under a natural condition on their highest weight, 
the irreducible finite-dimensional representations of quantum affine algebras specialize at 
g = 1 to representations of the loop algebras. In this limit, the representations are no longer 
irreducible, but are quotients of the corresponding local Weyl module. It was conjectured 
(and proved for g = 5(2) in [CPOl] that all local Weyl modules are obtained as g = 1 
limits of irreducible finite-dimensional modules of quantum affine algebras. In particular, 
this conjecture implies that the local Weyl modules are the classical limits of the standard 
modules defined by Nakajima in [NakOl] and further studied by Varagnolo and Vasserot in 
[VV02]. 

In [CPOl], Chari and Pressley defined the global Weyl modules associated to dominant 
integral weights of q. These are the largest integrable highest weight modules of the given 
highest weight and were conjectured to be free modules for a certain commutative algebra. 
This motivated a series of papers [BN04, CL06, CM04, FL07, NakOl, Nao] on local Weyl 
modules which computed their dimension and character, identified them with tensor products 
of Demazure modules, and eventually lead to the proof of this conjecture as well as the 
aforementioned conjecture that all local Weyl modules are q = 1 limits of irreducible finite- 
dimensional modules of quantum affine algebras (for an arbitrary simple q). 

In [FL04], Feigin and Loktev extended the notion of global Weyl modules to the setting 
of generalized current algebras q ^ A, where A is a commutative associative unital algebra 
over the complex numbers. In the case that A is the coordinate ring of an affine variety, 
they also extended the definition of local Weyl modules and obtained analogues of some of 
the results of [CPOl]. In particular, they proved that these modules are finite-dimensional 
and that every local Weyl module is the tensor product of local Weyl modules associated to 
a single point (a property which is also true for finite-dimensional irreducible modules). 

Motivated by the methods used to study the BGG-category O for semisimple Lie algebras, 
a functorial approach to the study of the Weyl modules for generalized current algebras was 
adopted in [CFKIO]. There it was shown that, via homological properties, one can naturally 
define more general Weyl modules for the Lie algebra g ^ A, where A is a commutative 
associative unital algebra over the complex numbers. This is done by defining the Weyl 
functor from a suitable category of modules for a commutative algebra (these modules 
play the role of highest weight spaces) to the category of integrable modules for g ^ A 
with weights bounded by a dominant integrable weight A of g. Under the condition that 
A is finitely generated, it was shown that every local Weyl module is finite-dimensional. 
Furthermore, the translation of the universal property of the Weyl module into the language 
of homological algebra yielded a simplified proof of the tensor product property. 

The algebras mentioned above all are "untwisted" . There are natural twisted versions of 
loop algebras, related to the twisted affine Lie algebras. More precisely, the twisted loop 
algebras are fixed point subalgebras of untwisted loop algebras g®C[t,t~^] under the action 
of certain finite-order automorphisms. Extending the ideas of [CPOl], local Weyl modules 
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for the twisted loop algebras were defined and studied in [CFS08], where it was realized that 
they can be identified with suitably chosen local Weyl modules for untwisted loop algebras. 
It is thus natural to ask if twisted versions of local Weyl modules exist when one moves from 
loop algebras to the more general setting of generalized current algebras. 

The twisted analogues of generalized current algebras are equivariant map algebras. Sup- 
pose X = Spec A is an affine scheme and g is a finite-dimensional Lie algebra, both defined 
over an algebraically closed field of characteristic zero, and that F is a finite group acting on 
both X (equivalently, on A) and q by automorphisms. Then the equivariant map algebra 
{g0 A)^ is the Lie algebra of equivariant algebraic maps from X to q. In the current paper, 
we will assume that q is semisimple, X is of finite type, F is abelian, and F acts freely on X. 
Even with these restrictions, equivariant map algebras are a large class of Lie algebras that 
include the above mentioned examples of (twisted) loop algebras and generalized current 
algebras as well as many others. 

A complete classification of the irreducible finite-dimensional representations of an equi- 
variant map algebra was given in [NSS]. Let X^ denote the set of finite subsets of Xrat, the 
set of rational points of X, that do not contain two points in the same F-orbit. For x G X*, 
we have a surjective evaluation map 

ev^: (0®A)r^S- = ©^.^^0. 

An evaluation representation is a representation of the form p o ev^, where p = ^^^y-Px 
for representations : — )■ EndV^, a; G x. In the setup of the current paper, the classi- 
fication of [NSS] says that all irreducible finite-dimensional representations are evaluation 
representations. We define the support of an irreducible finite-dimensional representation to 
be |J(F ■ x), where the union is over the x G x such that px is nontrivial. For an arbitrary 
finite-dimensional representation, we define its support to be the union of the supports of 
its irreducible constituents. This support depends only on the isomorphism class of the 
representation. 

For an equivariant map algebra, one is not assured of the existence of a semisimple fixed 
point subalgebra or a Cartan subalgebra of (g ^ A)^ in the classical sense. Since past 
approaches to the study of Weyl modules for twisted loop algebras rely heavily on the 
representation theory of , this is a major obstacle to generalizing such techniques to the 
more general setting of equivariant map algebras. Furthermore, owing to the unavailability 
of the classical notion of weights for (g y4)^-modules, the notion of highest weight modules 
is not clear in this context. For these reasons, new techniques are needed. 

Let J-' and J-"^ denote the category of finite-dimensional (g 74)-modules and (g ® A)^- 
modules respectively. For x G X*, let J-x (respectively J-"^) denote the full subcategory 
of J-" (respectively J-"^) consisting of modules with support contained in x (respectively 
F ■ x). Motivated by [CFS08, LaulO, NSS] we define, for each x G X^:, mutually inverse 
isomorphisms of categories 

Tx 

Ux 

called twisting and untwisting functors (see Theorem 2.10). These functors allow us to move 
back and forth at will between the theory of finite-dimensional representations of equivariant 
map algebras (satisfying the assumptions of the current paper) and the corresponding theory 
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for generalized current algebras. In particular, to any irreducible finite- dimensional [g^A)^- 
module V, we can associate a twisted local Weyl module as follows. Let x G X* contain one 
point in each F-orbit in the support of V. Then is an irreducible finite-dimensional 

(g 74)-module, to which is associated an (untwisted) local Weyl module W. We then define 
the local Weyl module associated to V to be TxVT, and one can show that this definition is 
independent of the choice of x (see Proposition 3.6). 

Apart from their role in the definition of the twisted local Weyl modules, the twisting 
and untwisting functors also allow us to use the characterization of local Weyl modules by 
homological properties given in [CFKIO] to give a similar characterization of twisted local 
Weyl modules. However, some subtlety is involved here. The homological characterization 
given in [CFKIO] involves certain categories of highest weight modules. Since the Cartan 
subalgebra of g is not necessarily preserved by the action of the group F, such methods do not 
immediately carry over to the twisted setting. In order to circumvent this problem, we replace 
the usual order on weights by another partial order arising from a suitably defined height 
function on the weight lattice. Our modified homological characterization is equivalent to 
the one given in [CFKIO], but has the advantage that it carries over to the twisted versions. 

There are several natural questions arising from our treatment of local Weyl modules 
for equivariant map algebras. For instance, can one define global Weyl modules (see [CPOl, 
CFKIO]) and is there an analogue of the algebra defined in [CFKIO]? Can one extend the 
results of the current paper to the case where the group F does not act freely on X? It would 
also be interesting to further examine the relationship between the twisting and untwisting 
functors defined here and connections between the representation theory of twisted and 
untwisted quantum affine algebras appearing in the literature (see, for example, [HerlO]). 

The paper is organized as follows. In Section 1 we recall the definition of equivariant 
map algebras and certain results on their finite-dimensional irreducible representations. We 
introduce the twisting and untwisting functors in Section 2 and prove that they are isomor- 
phisms of categories. In Section 3 we recall the results on local Weyl modules for generalized 
current algebras and then introduce the notion of local Weyl modules for equivariant map 
algebras. We also show there that they satisfy a natural tensor product property. Finally, 
in Section 4 we give a characterization of the local Weyl modules by homological properties. 

Acknowledgements. The authors would like to thank E. Neher for useful discussions. The 
first, third, and fourth authors would also like to thank the Hausdorff Research Institute for 
Mathematics and the organizers of the Trimester Program on the Interaction of Representa- 
tion Theory with Geometry and Combinatorics, during which the ideas in the current paper 
were developed. The fourth author would like to thank the Institut de Mathematiques de 
Jussieu and the Departement de Mathematiques d'Orsay for their hospitality during his 
stays there, when some of the writing of the current paper took place. 

1. Equivariant map algebras and their irreducible representations 

In this section, we review the definition of equivariant map algebras and the classification 
of their irreducible finite-dimensional representations given in [NSS]. Let k be an alge- 
braically closed field of characteristic zero and A be unital associative commutative finitely 
generated fc-algebra. We let X = Spec A, the prime spectrum of A (so X is an affine scheme 
of finite type). A point x G X is called a rational point if A/mx = k, where is the ideal 



LOCAL WEYL MODULES FOR EMAS WITH FREE ABELIAN GROUP ACTIONS 



5 



corresponding to x. We denote the subset of rational points of X by Xj-at- Since A is finitely 
generated, we have X^at = maxSpec A. Suppose F is a finite abelian group acting on X 
(equivalently, on A) and on a semisimple Lie algebra q by automorphisms. Let g ® A be the 
Lie /c-algebra of regular maps from X to q. This is a Lie algebra under pointwise multipli- 
cation. The equivariant map algebra (g ® A)^ consists of the F-fixed points of the canonical 
(diagonal) action of F on g ® A. Thus (g A)^ is the subalgebra of F-equivariant maps. In 
the current paper, we are interested in the case that F acts freely on X, by which we mean 
that it acts freely on Xrat- We shall assume this is the case for the entirety of the paper. 
Following the usual abuse of notation, we will use the terms 'module' and 'representation' 
interchangeably. 

Remark 1.1. We could consider the more general case where g is finite-dimensional reduc- 
tive. However, then (g®^)^ = {[q, g\<S) A)^ ® {Z{q) iS) A)^ as Lie algebras, [NS, (3.4)], where 
[g, g] is semisimple and Z{g) is the centre of g (and so {Z{g) ®A)^ is an abelian Lie algebra). 
The representation theory of (g ® A)^ thus essentially "splits" and so it suffices to consider 
the case of g semisimple. See [NS] for details. 

We denote by X* the set of finite subsets x C Xrat for which F ■ x fl F ■ a;' = for distinct 
X, x' e X. For X e X^, we define g'' = 0^^^ S- "^^^ evaluation map 

ev^ : (g ® A)^ g^, ev^(a) = (a(a;))^6x, 

is a Lie algebra epimorphism [NSS, Cor. 4.6]. To x G X^, and a set {p^ : a; G x} of (nonzero) 
representations Px '■ Q ^ Endjt we associate the evaluation representation ev^{px)xe:x. of 
(g (g) A)'", defined as the composition 

(g ® Ar ^ g- End, ((g),,, . 

If all irreducible finite-dimensional representations, then this is also an irre- 

ducible finite-dimensional representation of (g ® A)^ , [NSS, Prop. 4.9]. The support of an 
evaluation representation V = <S)x€x abbreviated Supp V, is the union of all F ■ x, x G x, 
for which px is not the one-dimensional trivial representation of g. 

Fix a triangular decomposition g = © f) © n"*" and a set of simple roots for g. Let P 
and Q be the corresponding weight and root lattices respectively, and let P"*" denote the 
set of dominant integral weights. For A G P"*", let V^(A) be the corresponding irreducible 
representation of g of highest weight A. In this way we identify the set of isomorphism 
classes of irreducible finite-dimensional g-modules with P"*". 

It is well known that Aut g = Int g x Out g, where Int g is the group of inner automorphisms 
of g and Out g is the group of diagram automorphisms of g. The diagram automorphisms 
act naturally on P, Q, and P"*". If p is an irreducible representation of g of highest weight 
A G P and 7 is an automorphism of g, then p o 7"^ is the irreducible representation of g of 
highest weight 7out ■ A, where 7out is the outer part of the automorphism 7 (see [Bou75, VIII, 
§7.2, Rem. 1]). So the group F acts naturally on each P'^ via the quotient Autg -» Outg. 

Let S denote the set of finitely supported functions ip : Xj-at — ^ P~^ and let £^ denote the 
subset of S consisting of those functions which are F-equivariant. Here the support of ip & S 
is 

SuppV" = {X e Xrat I ^ 0}. 
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If X G X* and pxiP'x ^I's isomorphic representations of g for each a; G x, the evalua- 
tion representations ev^{px)x(^yL and ev^(p!p)^gx are isomorphic. Therefore, for x G X* and 
representations px of for a; G x, we define ev^([p2,'])a;Gx to be the isomorphism class of 
ev^(pa;)sgx- (Here [px], x G x, denotes the isomorphism class of the representation px.) 

For ip G £^ , we define ev^ = e\^{ip{x))xeyii where x G X* contains one element of 
each F-orbit in Supp^^. By [NSS, Lem. 4.13], ev^ is independent of the choice of x. If ifj 
is the map that is identically on X, we define ev^ to be the isomorphism class of the 
trivial representation of {q® A)^ . We say that an evaluation representation is a single orbit 
evaluation representation if its isomorphism class is ev|^ for some if) & £^ whose support 
is contained in a single F-orbit. For all of the above notation, we drop the superscript 
F when F = {1}. For instance, for a finite subset x C X^at, evx : g A — )■ is the 
corresponding evaluation map. Similarly, for ip & S, ev^ is the corresponding isomorphism 
class of representations of g ® A. 

Proposition 1.2 ([NSS, Th. 5.5]). The map 

£^ ^S^, evj;, G 8^, 

is a bijection, where denotes the set of isomorphism classes of irreducible finite- dimensional 
representations of (g ® A)^ . In particular, all irreducible finite- dimensional representations 
of (g (g) A)^ are evaluation representations . 

Remark 1.3. The classification of irreducible finite-dimensional representations given in 
[NSS] is much more general than Proposition 1.2. In particular, it applies in the case that g 
is any finite-dimensional Lie algebra, F is any finite group (i.e. not necessarily abelian), and 
the action of F is arbitrary (i.e. F need not act freely on X). In this generality, all irreducible 
finite-dimensional representations are tensor products of evaluation representations and one- 
dimensional representations. However, under the more restrictive assumptions of the current 
paper, (g A)^ is a perfect Lie algebra (i.e. [(g ® A)^, (g ® A^] = (g ® A)^) and so (g ® A)^ 
has no nontrivial one-dimensional representations, [NS, Lem. 6.1]. 

Definition 1.4 (Notation for irreducibles) . For ip G S^, we let Vr{ip) denote the correspond- 
ing irreducible representation of (g A)^ (that is, Vr{ip) is some irreducible representation 
in the isomorphism class ev^). For E S, we let V{ip) denote the corresponding irreducible 
representation of g (g) A. 

Example 1.5 (Untwisted map algebras). When the group F is trivial, (g ® A)^ = g ® A is 
called an untwisted map algebra, or generalized current algebra. These algebras arise also for 
a nontrivial group F acting trivially on g or on X. In the first case we have (q^A)^ = q^A^, 
and in the second {q ^ A)^ = ^ A. 

Example 1.6 (Multiloop algebras). Fix positive integers n,mi, . . . ,mn. Let 

F = (71, . . . , 7„ : 7^""" = 1, 7j7j- = 7^-7^, W 1 < i,j < n) = Z/miZ x • • ■ x Z/m„Z, 

and suppose that F acts on g. Note that this is equivalent to specifying commuting auto- 
morphisms CTj, i = 1, n, of g such that a™' = id. For i = 1, . . . , n, let be a primitive 
mj-th root of unity. Let X = (A;^)" and define an action of F on X by 
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Then 

(1.1) M{q, (7i, . . . , (7n, mi, . . . , rrin) := (fl ® Af 

is the multiloop algebra of g relative to (ui, . . . , an) and (mi, . . . , mn). 

Definition 1.7 (g- weights). We can identify q with the subalgebra g ® /c C g A. In this 
way, any {q ® 74)-module V can be viewed as a g-module. We will refer to the weights 
of this g-module as the Q-weights of V (assuming V has a weight decomposition, e.g. V is 
finite-dimensional). For a g- weight A, we let Vx denote the corresponding weight space of V. 



2. Twisting and untwisting functors 

In this section, we define isomorphisms between certain categories of modules for (un- 
twisted) map algebras A and their equivariant analogues (g^ A)^. This isomorphism 
will be our key tool in defining local Weyl modules in the equivariant setting and proving 
their characterization via homological properties. 

Recall that for a point x G Xjat, tn^; denotes the corresponding maximal ideal of A. For 
T] : Xrat — )■ N = Z>o with finite support, define 

(2-1) ^. = n.esupp.tn2^^^- 

For a finite subset x C X, we define = J^, where r]{x) = 1 for a; G x and 77(0;) = for 
X ^ X. It is straightforward to check that g is an ideal of g ^4 and so we have a 

generalized evaluation map 

ev, : ^ ^ (S A)/{q /,) - e,,supp. ® {A/mt^) = e,eSupp.(0 ® ^)/(0 ® "^2^'^)> 

ev,(a) = e,,supp,(« + (0 ® "^'^"^))- 

Let 

ev^r : (0 AY ^ e,,supp.(0 ® ^)/(0 ® tn^^^^) 
denote the restriction of ev^ to {g^ A)^. Clearly 

kerevj = (kerev^) n (g Af = (g Q n (g Af = (g Ir,f. 

Recall that X^, is the set of finite subsets of Xj-^t that do not contain two points in the 
same F-orbit. 

Lemma 2.1. If ri : Xrat N satisfies Supp?] G X^,, then 

(0 /^)^ = (0 4)^^' «^^ere 4 = rixesupp^ Il^er "^7-^^- 

Proof. Since C wc have (g 7^)'" C (g I^f . Suppose a G (g I^^f . Then for each 
X G Supp r] and 7 G F, we have 

a G (g Ir^Y C g 7^ C g m^^"^) =^ a = 7 • a G 7(g m^^"^)) = g m!jf^). 

Thus 

(0 <H) 7^)^ C g n^gsupp, n^er = i'^, 
since the ideals relatively prime. Thus (g 7^)^ C (g 7^)^. □ 
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Proposition 2.2. Ifrj : Xj-^t — >■ N satisfies Supprj C X^, then the map ev^ is surjective and 
hence induces an isomorphism 

{q (8) Af/{Q ® Irjf ^ (g (8) A)/{q ® Q. 

Proof. It suffices to show that for arbitrary a e f E A, x e Suppr^, there exists a e {g<SiA)^ 
such that 

a - (a O /) e g O m^^''^ a G g m''^'"^ V y G Supp r] \ {x}. 

Let n = maxygsuppr; ^(y) and let ^ be an n-th root of —1. Since the action of F on X is free, 
we can choose /i G A such that 

fi{x)=0, /i(7.a;) =CV7er,7 7^ 1, /i(7 • y) = { V 7 G T, y G Suppr; \ {a;}. 

Then fi E nix- So 

fi^K, /r(7-x) = -l V7er,7^1, A"(7-y) = -lV7er,yGSuppr;\{x}. 
Hence 

l + Z^Gl + m^, l + Gn^gr,7^in^7-n 7er m^.^. 

j/eSupp r]\{x} 

Recall that for any ideal I oi A, the set 1 + I is closed under multiplication. Thus 
(l + /r)-Gl + m^, {l + f?reU,eT,,^iK^U 7er m;^, 

j/eSupp ?7\{a;} 

and so, setting /2 = /(I + /")", we have 

/2 G / + m^, /2 G n7er,7^i 11 ler m!;.^. 

j/eSupp??\{j;} 

Define 

« = E^er 7 • (a » /2) = E^6r(7 • a) (g) (7 • /2) e (g (g) 
Since 7 • rriy = m-y.j, and F acts freely on X, we have 

T'/sem^Cm^W V7er,7^1. 

Thus 

a + g (8) m^^'') = (a (g) /2) + g (g) m^^"'^ = a (g) / + g O m^^'^^ 

We also have 

7 • /2 e m;' C m;;(^) V 7 G r, y G Suppr; \ {x}, 

and so 

a G g (g) m^^'^^ V 1/ G Supp ?] \ {x}. 

□ 

Let 5 be the character group of F. This is an abelian group, whose group operation we 
will write additively. Hence, is the character of the trivial one-dimensional representation, 
and if an irreducible representation affords the character ^, then — ^ is the character of the 
dual representation. 

If r acts on an algebra B by automorphisms, it is well known that B = B^ is a 

S-grading, where B^ is the isotypic component of type ^. It follows that (g (g) A)^ can be 
written as 

(2.2) {Q®Af = ^^^^Q^0A_^, 
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Lemma 2.3 ([NS, Lem. 4.4]). Suppose a finite abelian group T acts on a unital associative 
commutative k-algebra A (and hence on X = Spec A) by automorphisms. Let A = 0^^^^^ 
be the associated grading on A, where H is the character group of T. Then the following 
conditions are equivalent: 

(a) r acts freely on X , and 

(b) nr=i ~ (-^")e"- €i ^i) ■ ■ ■ € S and any T-invariant ideal I of A. Here 

= inA^ for^^E. 

For a Lie algebra L, define L^, n > 1, hj 

L^=L, L" = [L,L"-^], n>l. 

The following proposition, combined with Proposition 2.2, will allow us to define and deduce 
properties of finite-dimensional modules for equivariant map algebras from the corresponding 
notions for untwisted map algebras. 

Proposition 2.4. Every finite-dimensional {q ® A)^ -module is annihilated by (g ® Iri)^ for 
some rj : Xj-at — > N with Supp rj <Z X^,. 

Proof. Suppose \^ is a finite-dimensional {q ® A)'"-module annihilated by (g ® Iri)^ for some 
finitely supported r/ : Xrat N. By Lemma 2.1, we can find r]' : Xrat — ^ N with Supp rj' C X^ 
and (g ® Iri')^ ^ (g (g) /^)^. Thus it suffices to prove that every finite-dimensional (g ® A)^- 
module is annihilated by some (g Irj)^ ■ 

We first prove by induction that for any F-invariant ideal / of A, 

(2.3) ((g®/)0™ = (g®n^ Vm>l. 

The result is trivial for m = 1. Assume it is true for some m > 1. Then 



(by the induction hypothesis) 



(by Lemma 2.3) 
(since g is semisimple) 



= [(s®/)^(0®m 

= 0€eS0«®a'"''')-€ 

= (g®/'"+^)^. 

Thus (2.3) holds. 

Now let \^ be a finite-dimensional (g ® v4)^-module. Then there exists a filtration 

= K) c 1/1 c . . . c 14 = V, 

such that Vi/Vi-i is an irreducible finite-dimensional (g (g) A)'"-module for 1 < i < n. By 
Proposition 1.2, each Vi/Vi-i is an evaluation module. Let r]i : X^at — )■ N be the characteristic 
function of the support of Vi/Vi^i. Then (g ® I^.)^ ■ (Vi/Vi^i) = 0. In other words, (g 
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Let V = J2^=i Vi r] = nu. We claim that (g (g) J^)'" ■ ^ = 0. Since = it follows 
from (2.3) that ((g ® 1,^)^)"^ = (fl ® Lq)^- Because I,^ C J^^, we have {g ® I^)^ ■ Vi C Vi-i for 
all 1 < i < n. Therefore 

{Q<^I^f -V ={{Q®hff -V = □ 

For functions 77,77' : X^at — >■ N with finite support, we write t] < t]' if ri{x) < ri'{x) for all 
X e Xraf Clearly 

T] <r]' =^ Ir, ^ =^ (S) /r, ^ S ® /r,'. 

Thus, for 1] < rj', we have natural projections 

(S ® A)/(0 O J^O ^ (g ® A)/(0 (g) Q, (0 ® A)^/(0 ® Irt'f ^ (0 ® ^)^/(0 ® /^)^. 
Lemma 2.5. Ifi],ri' : Xj-at — ^ N are STic/i i/iai 1] < rj' and Suppr/' C X*, then the diagram 
(2.4) (g A)r/(g ® /^,)r ^ (g ® A)/(0 ® J^O 



[0® A)r/(0®/^) 



(0 ® ^)/(0 ® Iv 



is commutative, where the horizontal maps are the isomorphisms induced by evaluation as 
in Proposition 2.2. 

Proof. This is clear from the fact that both compositions in the diagram are induced from 
the composition 

{Q^Af^g(g)A^{Q^ A)/{q (g) 

□ 

Suppose y is a finite-dimensional (g ® A)^-module. By Proposition 2.4, there exists a 
function 7/ : X^at — >■ N, Supp77 C X*, such that (0®/,,)^ annihilates V. Therefore the action 
of (g ® AY on V factors through (g ® /{q ® I^Y and the composition 

q®A^{q® A)/{q (g) Q = (g ® AY/{g ® End V 

defines an action of {q® A) on V. We denote the resulting (g y4)-module by V"^. 

Lemma 2.6. Suppose V is a finite- dimensional (g <g AY -module that is annihilated by (g ® 
IffY ^'iT'd (g ® /^')^ for functions r),r)' : Xj-at — !■ N snc/i that Supp77 U Supp77' C X^. Then 
V"^ = V^' as (g (g) A) -modules. 

Proof. Let r = 77+77'. It is clear that {q^ItY annihilates V. Since Supp r = Supp 77USupp rj', 
it follows from Lemma 2.5 that the diagram 



(g® A)/(g®/^) 



g®A (g ® A)/(g ® /,) 



(g ® A)r/(g /^)r 



(g ® A)r/(g ® 




Endy 



(0 ® ^)/(0 ® Iv') (0 ® ^)^/(0 ® ^r,')^ 
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commutes, where the three isomorphisms in the middle are the inverses of the isomorphisms 
of Proposition 2.2 induced by evaluation. It follows that = = as (g A)- 
modules. □ 

Definition 2.7 (Categories J-", J-"^, J-x, and J-"^). Let J-" and J-"^ be the categories of finite- 
dimensional representations of g^A and (g® A)^ respectively. For x G X*, define J-x (resp. 
J-'x) to be the full subcategory of J-" (resp. J-"'") consisting of those representations whose 
irreducible constituents all have support contained in x (resp. F ■ x). 

Definition 2.8 (Twisting functor). We have a natural twisting functor T : J-" — )■ J-"^ defined 
by restricting from g ^ A to (g (g) A)^. For any x G X*, we have the induced functor 
Tx : -Fx ^ -^x^. 

Definition 2.9 (Untwisting functor). Fix x G X^. By Proposition 2.4, every module V G J-'^ 
is annihilated by some (g ® /^)^ with Suppr] C x. By Lemma 2.6, the modules V are 
independent of the choice of rj. The untwisting functor Ux : -^x is defined to be the 

functor that, on objects, maps V to V"^. Now suppose V,W E J-"^ and (3 : V ^ W is a. 
morphism in J-"^. Since J-"^ is a full subcategory of J-"^, /3 : \^ — > is a morphism in J-"^, 
which means that it is a homomorphism of (g ® A) '"-modules. Choose rj : Xj-at — N with 
support contained in x such that (g (g) 7^)'" annihilates both V and W^. Then the action of 
(g ® A)^ on and W factors through (g A)^ /{g (g) J^)^. By definition, it follows that /3 
is also a homomorphism of (g ® A)-modules from y to W^. We define Ux(/3) to be this 
homomorphism. One easily sees that Ux respects composition of morphisms and hence is a 
well-defined functor. 

For a F-invariant subset Y of Xrat, let Yp denote the set of subsets of Y containing exactly 
one point from each F-orbit in Y. For ip E and x G (Supp^/')r, define 



V'x : X,at ^x(a;) 




if X G X, 
if X ^ X. 



Theorem 2.10. For x G X^, the twisting and untwisting functors have the following prop- 
erties. 

(a) The twisting functor T maps the isomorphism class ev^ for E £ , SuppV' ^ X*, to 
the isomorphism class ev^r for ip^ & , where 

i'^i^) = E^er 7 ■ ^"(7"^ ' x), x e X^at- 

(b) The untwisting functor Ux maps the isomorphism class ev^, ip G to i/ie isomor- 
phism class ev^^ . 

(c) The functors Tx one? Ux are mutually inverse isomorphisms of categories. 

Proof. Part (a) follows immediately from the definition of the evaluation representations 
given in Section L 

Now suppose X G X* and V G J-'^ is irreducible and corresponds to ip G S^. Let 
P — ('S'xGx P^) ° tie the corresponding representation. Then p factors through (g ® 
A)^/ (g (X) /x)^ and so Ux(V^) is the (g A)-module given by the composition 

g ® A ^ (g ® A)/{g ® Jx) ^ (g ® A)7(g ® /x)^ = g^ EndK 
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Since this is precisely the evaluation representation ((S)a;ex P^) ° of g ® A, which is in the 
isomorphism class ev^^, part (b) follows. 

Suppose V G J-x- Then V is annihilated by some g ^ In and the action of g A on 
UxTx(l^) is given by 

g ® A ^ (g ® A)/{g ® /^) ^ (g ® Af/{g ® J^)^ ^ (g ® A)/{g ® /^) -> End V, 

where the two isomorphisms are mutually inverse. Thus UxTx(V^) = V. One easily verifies 
that UxTx is also the identity on morphisms and is therefore the identity functor on J-x. 
Similarly, TxUx is the identity functor on J^^. This proves part (c). □ 

Remark 2.11. Theorem 2.10 allows one to translate any reasonable question in the rep- 
resentation theory of finite-dimensional modules for equivariant maps algebras, where F is 
abelian and acts freely on X, to a corresponding question for untwisted map algebras (gener- 
alized current algebras). For instance, it can be used to reduce the computation of extensions 
between irreducible finite-dimensional (g® A)^-modules to the case of extensions of {g<^A)- 
modules, which were considered in [KodlO]. In this way, one can give an alternate proof of 
[NS, Prop. 6.3]. 

3. Local Weyl modules 

In this section, we define the local Weyl modules for equivariant map algebras. We begin 
by reviewing the local Weyl modules for untwisted map algebras. 

Fix a triangular decomposition g = n~ ©f)©n"'". Then we have a triangular decomposition 
of the untwisted map algebra 

g ® A = (n" ® A) © (fi ® A) © (n+ ® A). 

Let {ci, hi, fi}i(zi denote a set of Chevalley generators of g compatible with its triangular 
decomposition. In particular, the fi generate n~. 

Definition 3.1 (Untwisted local Weyl module). Given ip ^ S, the (untwisted) local Weyl 
module Wi^ip) is the (g® A)-module generated by a nonzero vector satisfying the relations 

(3.1) (n+ © A) ■ it;^ = 0, 

(3.2) {fi © l)^(^-)+i ■w^ = 0, iel, where A = wt ^/^ := J2cce^ ^(a^), 

(3.3) a-w^= (Exesuppv a G f) © A. 

Proposition 3.2. (a) [CFKIO, Th. 2] For every ^ G £, W{ip) is a finite- dimensional 
(g © A) -module. 

(b) [CFKIO, Prop. 5] Let V be any finite- dimensional (g © A) -module generated by a 
nonzero element v E V such that 

(n+ © A) • f = and (i) ® A) ■ v = kv. 

Then there exists ip E S such that the assignment i— )■ v extends to a surjective 
homomorphism W{ip) -» o/ (g © A)-modules. 

For a subset Y C X^at, let 

Iy = {feA\ fix) = V a; e y}. 
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For ip E S, we define = /supp^'- Note then that = as in (2.1) for 




Proposition 3.3. (a) [CFKIO, Prop. 9] If e £ with wt^ = A G P+, then 

(0®/^)-iy(^) = O ViV>A(M, 

where 6 is the highest root for g and Hq is the corresponding coroot. 
(b) [CFKIO, Th. 3] //V', V"' e S such that Supp^- n SuppV'' = 0, then 



as {q ® A) -modules. 

(c) [CFKIO, Lem. 6] For ip G S, V{ip) is the unique irreducible quotient ofW{ilj) (see 
Definition 1.4)- 

Remark 3.4. In the case that A is the coordinate algebra of an affine algebraic variety. 
Proposition 3.2 and parts (a) and (b) of Proposition 3.3 are proven in [FL04] (Theorems 1, 
2, and 5, and Proposition 7). 

We now turn our attention to the equivariant map algebras. For a (g ® A)-module U, let 
pt/ : g (g) A — 7- End/c U be the corresponding representation. 

Lemma 3.5. Suppose tp E £^ and x G (Supp Then, for 7 G F, 



where 7 • x = {7 ■ x | x G x}. 

Proof. Let W^('?/'x)''' be the (g ® A)-module corresponding to the representation pw{^^) ° 
Recall that we identify g with the subalgebra Q®k oi q® A. Thus, via restriction, we can view 
W^(V'x) and W{ip-i^'^ as g-modules. Recall that ly(V'x) is a finite-dimensional g-module with 
wtiy('?/'x) C A — where A = X]zexV^(^)- follows that Vr(V'x)'^ is a finite-dimensional 
g-module with wt W^ip:^'^ C 7 ■ A — Q+. Furthermore, the 7 ■ A weight space of Vr('^x)''' is 
one-dimensional since the A weight space of W^(^x) is one-dimensional. 

We also know that Vr('?/'x) has unique irreducible quotient Vi^ipyP). By the definition of £^ , 
we have that pv(^^) ■ — Pv{ii)^.^)- Thus W^ip:,^)^ has unique irreducible quotient Vijp^.:,^). 
Let V G W{ip^)'^ be a nonzero vector of weight 7 ■ A and let U be the smallest (g ® A)- 
submodule of W{;ip^)^ containing v. \i U ^ W{;ip-i^'^ , then U is contained in the unique 
maximal submodule of Vr(V'x)^- But this contradicts the fact that the unique irreducible 
quotient of W^(^/'x)'^ has a nonzero 7 ■ A weight space. Therefore U = Wlip^y and so v 
is a cyclic vector. It then follows from Proposition 3.2(b) that W{ip-x)'^ is isomorphic to a 
quotient of W{ip^.:x). By symmetry, W{ip^.x) is also isomorphic to a quotient of W{ip:x.)'^. 
Since these modules are finite-dimensional, we conclude that W{ip:x)'^ = W{ip^.x). □ 

Proposition 3.6. Suppose ip E and:x.,x.' G (Supp-?/')r- Then the restriction to (g^A)^- 
modules of the Weyl modules W{ip:x.) and W{ip^') for q ® A are isomorphic (as (g ® ^)'"- 
modules). 



Pvy(Vx) ° 7 



-1 
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Proof. We first prove the result in the case that the support of consists of a single F-orbit. 
Suppose X, x' G Supp ^z^. Then there exist a unique 7 G F such that x' = ^-x. By Lemma 3.5, 
we have 

Since the restriction of the automorphism 7^^ to (g ® A)^ is trivial, it follows immediately 
that the restrictions of pw{^^) and piy(^^,) to (g ® A)"^ are isomorphic. The general result 
where the support of ■?/' is a union of F-orbits now follows from Proposition 3.3(b). □ 

Definition 3.7 (Twisted local Weyl module). For G we define lyr(V') to be the 
restriction to (g ® A)'"-modules of the Weyl module ^^(V'x) for g ® A, for some choice 
of X G (Supp'?/^)r. In other words, Wr('^) := T(W^('?/'x))- By Proposition 3.6, Wr('^) is 
independent of the choice of x (up to isomorphism). We call VFr('^) the (twisted) local Weyl 
module of (g ® A)^ associated to '0. 

Lemma 3.8. Forip G £^ andx G (Supp-?/')r, we havelJ^(Wr{ip)) = W^(V'x) andlJ^{Vr{i')) = 

Proof. By definition, Wriip) = T^{W{il!^)). Thus, by Theorem 2.10, we have 

V^iWrm = UxTx(iy(V'x)) = P^(V'x). 
The proof of the second statement is analogous (see the proof of Theorem 2.10(b)). □ 

Proposition 3.9 (Tensor product property). If G £^ have disjoint support, then 

Proof. Choose x G (Supp'?/')r and x' G (Supp-?/'')r. Then x fl x' = and, by Proposi- 
tion 3.3(b), we have Wiip^ + = W{iIj^) ® li'(<,). Since x U x' G (Supp(V^ + V^'))r, the 
proposition follows after restricting to (g ® yl)'"-modules. □ 

4. Characterization of local Weyl modules by homological properties 

In this section, we show that the local Weyl modules are characterized by homological 
properties, extending results of [CFKIO] to the equivariant setting. 

For A G P, write A = Xlie/ ^j"^*' ^« G Q, as a linear combination of simple roots, and 
define 

ht A := ki- 
Recall the usual partial order on P given by 

A > /i A - /i G Q^. 

It is clear that 

A > /i =^ ht A > ht fi. 
Since F acts on P+ via diagram automorphisms, it preserves the set of positive roots. There- 
fore, for ip G we have Xl^eXrat ht^/'x(a^) = X^xex^at ht'i/'xK^) ^5^' ^ (SuppV')r. 

Definition 4.1 (Height function on S^). Define the height of ip & to be 

htip = '^xGXra.t ^x(a;) for some x G (Supp ip)r- 
By the above discussion, this definition is independent of the choice of x. 
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For a finite-dimensional (g ® v4)^-module M and ip G £^ , let mult^ M denote the mul- 
tiplicity of ev^ in M. In other words, mult^ M is the number of (irreducible) composition 
factors of M in the isomorphism class ev^. 

Definition 4.2 (Maximal weight module). We call a finite-dimensional (g A) '"-module M 
a maximal weight module of maximal weight if mult^ M = 1 and, for all (f ^ ip, 

mult^ M 7^ =^ ht V2 < ht 
Lemma 4.3. The local Weyl module Wriip) is a maximal weight module of maximal weight 

Proof. If r = {1}, the result follows from the fact that the g- weights of W{ip) lie in wt ijj — Q~^ 
by Definition 3.1. Suppose now T ^ {1} and let ip G . Then for any x G (Supp'?/')r, 
we have, by Lemma 3.8, Ux(M/r('V^)) = W^(V'x)- By Proposition 3.3(a), we have that all 
constituents of W{;^^ have support contained in x. Thus 

mult^ W{^^) 7^ ^ Y{^) G Jx. 

By Theorem 2.10 and Lemma 3.8, we then have 

mult,^ Wr(^) = muh^^ W^(^x)- 

Thus, ioY ^ ^ (hence v^x 7^ V'x), 

mult^ Wv{i)) ^ ^ mult^^ W^i)^) ^ 

=^ Wt (/9x < Wt Ipy^ 

=^ ht <y9 = ht (y9x < ht Ipy^ = ht ip, 

where the second implication follows again from the fact that the g-weights of W{tp:x) lie in 
wt^^x — by Definition 3.1. □ 

Recall that, for ip & S, we have wt ip = Ylx&x t ^(•^)' clear that wt ip is the maximal 
g- weight occurring in V{ip). We have the following characterization of untwisted local Weyl 
modules in terms of homological properties. 

Proposition 4.4 ([CFKIO, Prop. 8]). Let M be a maximal weight {g®A)-module of maximal 
weight ip. Then M = W{ip) if and only if 

Hom^(M, V{^)) = and Ext^(M, V{^)) = 

for all if & £ with wi(y{ip)) C {wiip — Q^) \ {wiip}. 

We want to reformulate this theorem and generalize it to the case of equivariant map 
algebras. 

Theorem 4.5. Let M he a maximal weight (g A)^ -module of maximal weight ip. Then 
M = Wy{iP) if and only if 

(4.1) Hom^r(M, Vy{v)) = and Ext^r(M, Vr{<^)) = \/ e with ht((^) < ht{ip). 

Proof. We first prove the theorem in the case P = {1}, where it is a slightly modified version 
of Proposition 4.4. In this case (g ® A)^ = q A and Wr{ip) = W{ip). We first want to 
show that W{ip) satisfies 

Rom^{W{ip), V{^)) = and Ext^^{W{ip), V{^)) = 
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for all if ^ S with ht{{p) < ht(^/'). Since the group F is trivial, all finite-dimensional [g ® A)- 
modules are also g-modules via the identification of q with q ^ k (1 q ^ A. Thus we have 
weight space decompositions as g-modules. 

Let X = wtip. Since ht 99 < ht ip, we have A ^ wt^ip) — and so V{(p)x = 0. Since W{'4') 
is generated by W{ip)x, this implies B.omjr(W (ip) , V{ip)) = 0. 

Now suppose we have an extension of (g (g) 74)-modules 

(4.2) V{^) -> E ^ W{ip) 0. 

Let w\ be the preimage in ii^ of a maximal weight vector of W{iIj). Since A ^ wt((/?) —Q^, we 
have dim Ex = 1, and so w\ is unique up to nonzero scalar multiple. Also, (n^ ^ A) ■ w\ = 
and so we have an exact sequence 

(4.3) — >U ^U{q® A) -wx ^ W{iIj) 

where [/ is a g A-module with Ux = 0. Since wt(f/(g (g) A) ■ wx) C A — Q^, we have 
wt{U) C (A — Q^) \ {A}. Thus Proposition 4.4 implies that (4.3) splits, which in turn 
implies that (4.2) splits. Thus E is the trivial extension. Therefore 'Ext]p{W{'ijj), V{(p)) = 0. 

On the other hand, suppose M satisfies (4.1). We claim that M also satisfies the properties 
characterizing Wi^ip) as given in Proposition 4.4. Let ip E £ with wt{V{(p)) C — \{A}. 
Then wty9 < A, hence ht{(f) < ht('?/'). The claim then follows from (4.1). Hence the theorem 
is true for F = {1}. 

Now consider the case of arbitrary F. Let (f E with ht{(f) < ht{ip). We would first like 
to show that 

Hom^r(iyr(^), Vr{^)) = and Ext^^r{Wr{ip), Vr{v)) = 0. 

Let r G Homjrr(Wr{ip),Vr{(p)) be nonzero. Then r is surjective since Vr{ip) is irreducible, 
and so Vr{f) is isomorphic to a quotient of Wr{ip)- By Proposition 2.4 there exists rj, 
Suppr/ C X^, such that Wr{'4') (hence also Vr{(p)) is annihilated by (g®/,,)'". Let x = Suppr/. 
Then 

Now, by Theorem 2.10 and Lemma 3.8, we have 

Rom^r{WrW, Vr{v)) ^ Hom^Jiy(^J, V^(<^J). 

Since ht = ht < ht = ht-j/'x, we conclude Homjr^(iy(?/'x), ^(v'x)) = since we know 
the theorem is true in the untwisted case. Thus r = and so B.omjrr {Wr{ip) , ^r(v^)) = 0. 
Now let 

(4.4) ^ Vr{if) ^ E ^ Wr{^) 

be an extension of (g ® A)'"-modules with h.t(f < htip. Since E is finite-dimensional, by 
Proposition 2.4 there exists 77, Suppr/ C X*, such that (g (g) J^)^ ■ E = 0. But this implies 

ig®Ir,f ■Wriij) = and (q ® I^f ■ Vri^p) = 0. 

Thus (4.4) is an exact sequence in J-"^ for x = Suppr] and hence, by Theorem 2.10 and 
Lemma 3.8, 



(4.5) 



^ V{^^) Ux^ ^ W^(V'x) ^ 
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is a short exact sequence in J-x- Since ht(p^ = h.tip Khtip = htip^, (4.5) sphts by the fact 
that the theorem is true in the untwisted case. Then Theorem 2.10 imphes that (4.4) sphts. 
So Ext^^r{Wr{ip),Vriifi)) = 0. 

On the other hand, suppose M satisfies (4.1). We would like to show that M = Wr{4'). 
Fix X G (SuppM)r. Then M G J-"^ and so UxM is a module in T^. By Theorem 2.10 and 
Lemma 3.8, it suffices to show that UxM = Vr(V'x)- Since M is a maximal weight module of 
maximal weight "we have Supp-?/' C SuppM, hence xfl (Supp-?/') G (Supp'?/')r and UxM is 
a maximal weight module of maximal weight ^/'x- In particular, this implies that the g-weight 
space of UxM of weight wt ip^ is one-dimensional. 

Let be a nonzero element of (UxM)„t^/)x- We claim that UxM is cyclic and generated 
by m^. Indeed, if this were not the case, then the submodule generated by v, where v is in 
a g-complement of U{q^ A) ■ would have an irreducible quotient V{ip), with ht (y? < ht 
and Suppv? C x. Then Tx(V^(v?)) = Vt{^^) would be an irreducible object of J-'^.. Again by 
Theorem 2.10, we would have 

Hom^jUxM, V(y;)) ^ =^ Hom^r(M, Vr(/)) ^ 0, 

which contradicts (4.1) since ht v?'" = ht < ht ip. By Proposition 3.2(b), UxM is a quotient 
of W{il)^. It remains to show that it is not a proper quotient. We have (UxM)^ = for all 
/i > A, so (n^ ® A) ■ = 0, which implies we have an exact sequence 

O^U ^ W{ip^) UxM ^ 

with U an object of J-x satisfying Ux = and wt(t/) C A — Q^. Applying Tx, we have 

(4.6) ^ T^U ^Wr{ip)^M ^ 0. 

Now applying HomjFr(— , Vr (</?)), for ip E with Suppv? C x, to the short exact sequence 
(4.6), we obtain the long exact sequence 

^ Hom^r(M, Vr{^)) Hom^r(Wr(^), Vr{^)) Hom^r(Txf/, Vr{v)) 

Ext^r(M,1/r(<^)) ^ ■ •• 

By (4.1), we have 

Hom^r(iyr(V'), Vriv)) = Hom^r(iyr(^), Vr{v)) = and 

Ext^r(M, Vriifi)) = Ext^r(M, Vriip)) = 

when ht < ht ip. Thus Homjrr(TxL'^, Vr{(p)) = 0, whenever ht 9? < ht tp. Since all irreducible 
subquotients Vr{ip) of Txf/ satisfy Suppy? C x and ht ip < ip, we have Txt/ = and hence 
[7 = 0. Thus the theorem follows. □ 

The following corollary is a twisted version of Proposition 3.2(b). Condition (4.7) below 
should be thought of as a twisted analogue of the condition in Proposition 3.2(b) that M is 
cyclicly generated by the vector v. 

Corollary 4.6. Let M be a maximal weight (g^A)^ -module of maximal weight ip E such 
that 



(4.7) Hom^r(M,\/((^)) = 

for all if E £^ with ht (/9 < hiip. Then M is a quotient ofWY^ip). 
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Proof. This follows from the proof of Theorem 4.5. □ 
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